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1. INTRODUCTION
A p-block of a ﬁnite group G is an algebra coming along with some
invariants which cannot, a priori, be read off the module category of the
block algebra. These invariants—such as defect groups, the p-local struc-
ture, or generalized decomposition numbers—are due to the presence
of the group G. We are therefore interested in the Morita equivalences,
derived or stable equivalences between block algebras, which preserve the
above invariants.
Any Morita equivalence between two block algebras of ﬁnite groups
induced by an isomorphism of their source algebras has this property; this
is due to Puig [12, 13].
For derived equivalences, Rickard developed in [20] a notion of derived
equivalences between the module categories of p-blocks of ﬁnite groups
that he calls splendid equivalences and proves that indeed, at least for prin-
cipal blocks, a splendid equivalence is compatible with the p-local structure.
Starting from Rickard’s work [20], we deﬁned in [11] a notion of splendid
derived equivalences which is a slight modiﬁcation of Rickard’s deﬁnition
of a splendid equivalence and showed then that splendid derived equiva-
lences are compatible with the p-local structure for arbitrary blocks. Our
deﬁnition suggests also what we shall call a splendid stable equivalence.
In Section 2 we prove an additional property of splendid derived
equivalences—the transitivity Theorem 2.1 below (answering a question
asked by M. E. Harris), which claims, roughly speaking, that the tensor
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product of two splendid two-sided tilting complexes is again splendid. As a
byproduct, we generalize our main result, Theorem 1.1 in [11].
In Section 3 we give a “local” characterization of splendid stable equiva-
lences of Morita type, motivated by an observation of Alperin, who proved
the result in the particular case of principal blocks and restriction to a sub-
group.
For the sake of completeness we include in Section 4 a proof of the
fact, due independently to Puig [16] and Scott [22, 23], that splendid Morita
equivalences between two blocks of ﬁnite groups are precisely the Morita
equivalences arising from an isomorphism of source algebras.
Section 5 is devoted to showing that Rouquier’s Rickard complex for
blocks with cyclic defect groups constructed in [21] is in fact still splendid
in our more restrictive deﬁnition of splendid tilting complexes.
As in [11], much of this work is based on an extensive use of the Brauer
construction (see e.g. [11, Sect. 2] for further references) and on properties
of fusion in block algebras (see e.g. [11, Sect. 3]). For the convenience of the
reader we give in Sections 6 and 7 below a short review of these notions and
some of their basic properties which we often use without further comment.
We refer the reader to [12] or [24] for Puig’s concept of pointed groups and
related subjects. In fact, all background material on block theory we need
in this paper and in [11] can be found in The´venaz’ book [24].
Notation and Terminology. We ﬁx a prime p and a discrete complete
valuation ring  having a residue ﬁeld k of characteristic p. Our nota-
tion and conventions are exactly as in [11]; in particular, an -algebra
is always free and of ﬁnite rank as an -module, and all modules are
ﬁnitely generated unitary left modules, unless stated explicitly otherwise.
Recall that an -algebra A is symmetric if it is isomorphic to its -dual
A∗ = HomA as an A-A-bimodule. One of the particular features of
symmetric algebras A and B is the following: If M is an A-B-bimodule
and N is a B-A-bimodule inducing a Morita equivalence between A and
B, that is, M ⊗B N ∼= A and N ⊗A M ∼= B as bimodules, then necessarily
N ∼= M∗ as a B-A-bimodule. Rickard proved in [18] that if A and B are
derived equivalent, there is a Rickard complex of A-B-bimodules, that is, a
bounded complex X of left and right projective A-B-bimodules such that
the total complexes X ⊗B X∗ and X∗ ⊗A X are chain homotopy equiva-
lent to A and B, respectively, where the latter are viewed as complexes of
bimodules concentrated in degree zero. Recall from Broue´ [3 or 4] that
we say that an A-B-bimodule M induces a stable equivalence of Morita type
between A and B, if M is projective as a left A-module and as a right B-
module and if M ⊗B M∗ ∼= A ⊕X for some projective A-A-bimodule X
and M∗ ⊗A M ∼= B ⊕ Y for some projective B-B-bimodule Y . See [9, 10]
for some general properties of stable equivalences of Morita type.
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We need some standard notions and facts from block theory: if G is
a ﬁnite group, a block of G is a primitive idempotent b of the center
ZG of the group algebra G of G over . A defect group of b is a min-
imal subgroup P of G such that the map Gb⊗P Gb → Gb induced
by multiplication in the block algebra Gb splits as a homomorphism of
Gb-Gb-bimodules. A source idempotent in GbP is a primitive idem-
potent i ∈ GbP satisfying BrPi 
= 0, where BrP  G → kCGP is
the Brauer homomorphism (see Section 6 below for details on the Brauer
construction and the Brauer homomorphism). The algebra iGi, endowed
with the group homomorphism P → iGi× mapping u ∈ P to ui, is a
source algebra of the block b (cf. [12]). By the uniqueness theorem [5, 1.8]
due to Broue´ and Puig, for any subgroup Q of P there is a unique block eQ
of kCGQ satisfying BrQieQ = BrQi; we call eQ the block of kCGQ
determined by the source idempotent i. The local structure of the block b is the
information encoded in the category whose objects are the pairs Q eQ,
with Q running over the set of subgroups of P , and whose morphisms are,
for any two subgroups QR of P , the sets EGQ eQ R eR consist-
ing of all classes ϕ˜ modulo inner automorphisms of R of group homo-
morphisms ϕ Q → R for which there is an element x ∈ G such that
ϕu = xux−1 for all u ∈ Q and such that xeQx−1 = exQx−1 . Roughly speak-
ing, EGQ eQ R eR consists of all classes of group homomorphisms
from Q to R modulo inner automorphisms of R which are induced by ele-
ments in G compatible with the local structure of the block.
Splendid versus Splendid. Originally, Rickard deﬁned a splendid equiv-
alence between two block algebras Gb and Hc of ﬁnite groups GH
having a common defect group P to be a derived equivalence given by
a Rickard complex X of Gb-Hc-bimodules which are isomorphic to
sums of direct summands of the bimodules Gb ⊗Q Hc, with Q run-
ning over the set of subgroups of P (or, equivalently, the indecomposable
direct summands of the components of X all have a vertex contained in
P = u uu∈P and trivial source when viewed as G×H-modules).
In order to prove a compatibility theorem with the local structure of the
blocks [11, 1.1] and the transitivity Theorem 2.1 below for arbitrary blocks
we need a slightly sharper condition on the components on X (which is
fulﬁlled by all examples of splendid equivalences known to the author):
Deﬁnition 1.1 (cf. [11]). Let GH be ﬁnite groups and let b c be
blocks of GH, respectively, having a common defect group P . Choose
source idempotents i ∈ GbP and j ∈ HcP . A Rickard complex X
of Gb-Hc-bimodules is called a splendid tilting complex (with respect
to the choice of i j), if all components of X are isomorphic to ﬁnite
direct sums of direct summands of the Gb-Hc-bimodules Gi⊗Q jH,
where Q runs over the set of subgroups of P . A splendid derived equiva-
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lence between Gb and Hc is a derived equivalence given by a splendid
tilting complex of Gb-Hc-bimodules.
We emphasize that the notion of a splendid tilting complex is deﬁned with
respect to a choice of source idempotents; we will abusively omit to mention
this choice if it is clear from the context. The main point about working
relative to a choice of source idempotents is that the concept of a splendid
tilting complex passes down to the source algebras of the considered blocks.
Precisely, if X is a splendid tilting complex of Gb-Hc-bimodules with
respect to the source idempotents i j as above, then by setting A = iGi,
B = jHj, the complex iXj is a Rickard complex of A-B-bimodules whose
components are isomorphic to ﬁnite direct sums of summands of the A-B-
bimodules A⊗Q B, where Q runs over the set of subgroups of P .
Another change of terminology is that we use the adjective “splendid” to
qualify Morita equivalences and stable equivalences of Morita type as well:
a splendid Morita equivalence between Gb and Hc is a Morita equiva-
lence given by an Gb-Hc-bimodule M which is isomorphic to a direct
summand of Gi⊗P jH. Note that putting the source idempotents is no
restriction in this case: if M is an Gb-Hc-bimodule inducing a Morita
equivalence between Gb and Hc then M is indecomposable, and thus
if M has a vertex contained in P this vertex must then be equal to P
since P is a defect group of both b and c; hence M is isomorphic to a
direct summand of Gb⊗P Hc and therefore of Gi⊗P jH, at least
for some source idempotents i j since M is indecomposable. Similarly, a
splendid stable equivalence between Gb and Hc is a stable equivalence
of Morita type given by an Gb-Hc-bimodule M which is isomorphic to
a direct summand of Gi⊗P jH.
2. TRANSITIVITY OF SPLENDID DERIVED EQUIVALENCES
The main result of this section shows that under suitable hypotheses
on the local structure of the considered blocks the tensor product of two
splendid tilting complexes is again a splendid tilting complex.
Theorem 2.1. Let GH, and L be ﬁnite groups and let b c, and d be
blocks of GH, and L, respectively, having a common defect group P . Let
i j, and l be source idempotents in GbP HcP , and LdP , respec-
tively. For any subgroup Q of P , denote by eQ fQ, and gQ the unique block
of kCGQ kCHQ, and kCLQ determined by i j, and l, respectively.
Assume that for any two subgroups QR of P we have
EGQ eQ R eR = EHQ fQ R fR = ELQgQ R gR 
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Let X be a splendid tilting complex of Gb-Hc-bimodules and let Y be a
splendid tilting complex of Hc-Ld-bimodules. Then the following hold:
(i) The total complex X ⊗Hc Y is a splendid tilting complex of
Gb-Ld-bimodules.
(ii) For any subgroup Q of P there is an isomorphism of com-
plexes of kCGQeQ-kCLQgQ-bimodules eQX ⊗Hc Y QgQ ∼=
eQXQfQ ⊗kCHQfQ fQY QgQ.
Remark 2.2. All complexes occurring in Statement 2.1(ii) are Rickard
complexes by [11, 1.1]. This follows also from Statement 2.1(ii) applied to
the particular case G = L b = d, and Y = X∗.
The proof of Theorem 2.1 will be an immediate consequence of the
following lemma, which is based on the material developed in Sections 2
and 3 of [11] (reviewed in the appendix below).
Lemma 2.3. With the notation and hypotheses of Theorem 2.1, let
R S be subgroups of PU a direct summand of the Gb-Hc-bimodule
Gi⊗R jH, V a direct summand of the Hc-Ld-bimodule Hj⊗S lL,
and M an indecomposable direct summand of the Gb-Ld-bimodule
U ⊗Hc V .
(i) There is a subgroup T of P such that CPT  is a defect group of eT
and such that M is isomorphic to a direct summand of Gi⊗T lL.
(ii) For any subgroup Q of P there is a natural isomorphism of
kCGQeQ − kCLQgQ-bimodules eQU ⊗Hc V QgQ ∼= eQUQfQ
⊗kCHQfQfQV QgQ.
Proof. (i) Since M is indecomposable, it is isomorphic to a direct
summand of Gi ⊗R W ⊗S lL for some indecomposable direct sum-
mand W of jHj as an R-S-bimodule. By 7.1 there is y ∈ H such that
W ∼= RyS ∼= R ⊗T ϕS, where T = R ∩ yS and ϕ:T → S is the
group homomorphism deﬁned by ϕu = y−1uy for all u ∈ T . It follows
from 7.7 that we have ϕ˜ ∈ EHT fT  S fS.
Thus M is isomorphic to a direct summand of Gi ⊗T ϕlL and
hence, again since M is indecomposable, it is isomorphic to a direct sum-
mand of Gm⊗T ϕnL for some primitive idempotents m ∈ iGiT
and n ∈ lLlϕT . By choosing T minimal with this property, using
[11, 2.6], we may assume that in fact m and n belong to local points µ and
ν of T on Gb and of ϕT  on Ld, respectively, such that Tµ ⊂ Pγ and
ϕT ν ⊂ Pλ, where γ and λ are the unique local points of P on Gb and
Ld containing i and l, respectively. By 7.6 we may assume that CPT  is a
defect group of eT . Then CPT  is a defect group of gT , too, by 7.8. More-
over, since we still have ϕ˜ ∈ EHT fT  S fS = ELT gT  S gS,
824 markus linckelmann
there is z ∈ L such that ϕu = z−1uz for all u ∈ T . Then Tzν ⊂ Pλ by
the last statement of 7.6. Thus Gm⊗Tϕ nL ∼= Gm⊗T znL is iso-
morphic to a direct summand of Gi⊗T lL, and hence M is too.
(ii) The proof is an amalgam of [11, 2.4] and [11, 4.1]. Let Q
be a subgroup of P and T a subgroup of Q. The spaces UQ and
U
Q
T are CGQ-CHQ-subbimodules of U . Thus the natural map
U ⊗CHQ V → U ⊗H V induces a map UQ ⊗CHQ V Q → U ⊗H
V Q which in turn induces a map UQ ⊗kCHQ V Q → U ⊗H
V Q. This map is a homomorphism of kCGQ-kCLQ-bimodules,
and whence induces a homomorphism of kCGQeQ-kcLQ-bimodules
eQUQfQ ⊗kCHQfQ fQV QgQ → eQU ⊗Hc V QgQ (2.3.1)
This homomorphism is natural in U and V . By 7.6 and 7.9 we may conju-
gate simultaneously Q eQ Q fQ QgQ in order to obtain that CPQ
is a defect group of any of the blocks eQ fQ gQ. This allows us to reduce
the situation down to the source algebra level.
Let A = iGiB = jHj, and C = lLl. By [12, 3.5], the alge-
bras Gb and A are Morita equivalent via the Gb-A-bimodule
Gi and its -dual iG. Since CPQ is a defect group of eQ and
BrCP QBrQi = BrQCP Qi 
= 0, for the same reason the algebras
kCGQeQ and BrQikCGQBrQi = AQ are Morita equiva-
lent via the bimodule kCGQBrQi and its k-dual. Thus, in order to
show that (2.3.1) is an isomorphism, it sufﬁces to show that the induced
homomorphism of AQ-CQ-bimodules
iUjQ ⊗BQ jV lQ → iUj ⊗B jV lQ(2.3.2)
is an isomorphism. Since (2.3.1) is natural in UV , it sufﬁces to show this
for U = Gi⊗R jH and V = Hj⊗S lL by the assumptions on U and
V . Then iUj = A⊗R B and jV l = B⊗S C. Computing the expressions in
(2.3.2) involves not the full bimodule structure of iUj and jV l, but requires
only the structure of iUj as an Q-B-bimodule and the structure of jV l
as a B-Q-bimodule. Thus it sufﬁces to show that for any indecomposable
direct summand W of A as a Q-R-bimodule the induced map
W ⊗R BQ ⊗BQ B⊗S CQ → W ⊗R B⊗S CQ(2.3.3)
is a linear isomorphism. The structure of W is determined in 7.1: there
is a subgroup T of Q and an injective group homomorphism ϕ T → R
such that W ∼= Q⊗T ϕR. If T is a proper subgroup of Q, both sides
splendid equivalences and local structure 825
in (2.3.3) are zero (cf. Lemma 6.1(iii)). It remains to treat the case where
Q = T . In other words, we have to show that the induced map
ϕBQ ⊗BQ B⊗R CQ → ϕB ⊗R CQ(2.3.4)
is an isomorphism. We do this again by decomposing this homomorphism
into direct summands: it sufﬁces to show that for any primitive idempotent
n ∈ BϕQ the induced map
ϕnBQ ⊗BQ B⊗R CQ → ϕnB ⊗S CQ(2.3.5)
is an isomorphism. If BrϕQn = 0 one easily sees that, again by
Lemma 6.1(iii), both sides in (2.3.5) are zero. We may thus assume that n
belongs to a local point ν of ϕQ on Hc such that ϕQν ⊂ Pδ, where
δ is the local point of P on Hc containing j. Now we use the fact that
by 7.7 the group homomorphism ϕ deﬁnes a G-fusion ϕ˜ from Q eQ to
ϕQ eϕQ. Thus this is also an H-fusion from Q fQ to ϕQ fϕQ.
In particular, there is y ∈ H such that ϕu = yu = yuy−1 for any u ∈ Q.
Let now µ be the unique local point of Q on Hc such that yQµ = ϕQν.
Since CPQ is a defect group of fQ we may apply 7.6; in particular, the
last statement of 7.6 implies that we have Qµ ⊂ Pδ. Thus there is m ∈ µ
lying in B. Moreover, mB ∼= ϕnB as a Q-B-bimodule because of the
fact that ϕ is induced by conjugation with y and y conjugates Qµ to ϕQν.
Thus we are reduced to showing that the induced map
mBQ ⊗BQ B⊗S CQ → mB⊗S CQ(2.3.6)
is an isomorphism. We have mBQ = BrQmBQ and mB⊗S C
Q = BrQmB ⊗S CQ, thus (2.3.6) is indeed an isomorphism,
which concludes the proof of Lemma 2.3(ii).
Proof of 2.1. The fact that X ⊗Hc Y is again a Rickard tilting complex
is trivial, and that it actually is splendid is an immediate consequence of
Lemma 2.3(i). Statement (ii) follows from Lemma 2.3(ii).
3. A LOCAL CHARACTERIZATION OF SPLENDID STABLE
EQUIVALENCES OF MORITA TYPE
The relevance of stable equivalences of Morita type in group representa-
tion theory comes from the fact that all known stable equivalences between
block algebras are in fact of Morita type. Moreover, Rickard’s work in [19]
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shows that if there is a derived equivalence between two symmetric alge-
bras A and B there is also a stable equivalence of Morita type between A
and B.
The next theorem is an analogue to Theorem 4.1; this should be thought
of as a generalization of elementary properties of p-permutation modules
and the Brauer construction (such as Proposition 6.5 below). For principal
blocks and the restriction to a subgroup the equivalence statement is due
to Alperin and the last statement saying that a splendid stable equivalence
preserves the stable local category is due to Puig [16, 7.6.6], but again we
include full proofs for the convenience of the reader.
Theorem 3.1. Let GH be ﬁnite groups, and let b and c be blocks of
G and H, respectively, having a common defect group P . Let i j be source
idempotents in GbP HcP , respectively. For any subgroup Q of P ,
denote by eQ fQ the unique block of kCGQ kCHQ determined by i j,
respectively.
Let M be an indecomposable direct summand of the Gb-Hc-bimodule
Gi⊗P jH. The following are equivalent:
i The bimodule M and its -dual M∗ induce a stable equivalence of
Morita type between Gb and Hc.
ii For any nontrivial subgroup Q of P the bimodule eQMQfQ and
its -dual induce a Morita equivalence between kCGQeQ and kCHQfQ,
and for any two subgroups QR of P we have EGQ eQ R eR =
EHQ fQ R fR.
In that case, there is a bimodule isomorphism Mj ∼= Gi ⊕ U for some
projective Gb-P-bimodule U , which induces, for any nontrivial subgroup
Q of P , algebra isomorphisms iGiQ/iGiQ1 ∼= jHjQ/jHjQ1
and iGiQ ∼= jHjQ, which in turn induce fusion compatible
bijections between the sets of local points of Q on iGi and jHj, respectively.
For the proof we need two lemmas; the ﬁrst one is due to Puig (it is in fact
a corollary of [15, (14.6)] and it has some variations; see e.g. [11, (3.3 (v))]
or 7.7 and 7.8 below). We also sketch a proof for the convenience of the
reader.
Lemma 3.2 (cf. Puig [15, 14.6]). Let G be a ﬁnite group, b a block of G,
Pγ a defect pointed group of Gb, and i ∈ γ. Let ϕ ∈ AutP. As an P-P-
bimodule, ϕP is isomorphic to a direct summand of iGi if and only if
there is x ∈ NGPγ such that ϕu = xux−1 for all u ∈ P .
Proof. If ϕP is isomorphic to a direct summand of iGi as an
P-P-bimodule, and hence of G, it is of the form PxP for some
x ∈ G, and then necessarily x ∈ NGP because this bimodule has rank P.
Thus ϕP is isomorphic to a direct summand of iGi if and only if P is
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isomorphic to a direct summand of x
−1
iGi for some x ∈ NGP satisfying
ϕu = xux−1 for all u ∈ P . Since PP = kZP this is equivalent
to requiring x−1 iGiP 
= 0; in particular, BrPx−1ix and BrPi are
nonzero primitive idempotents belonging to the same block eP of kCGP,
and hence x−1ix and i belong to the same local point γ (cf. [24, (40.13)]),
which means that x ∈ NGPγ.
Lemma 3.3. Let G be a ﬁnite group, b a block of GP a defect group of
b, and i a source idempotent in GbP . For any subgroup Q of P denote
by eQ the unique block of kCGQ determined by i. Let R be a subgroup
of P and X an indecomposable direct summand of the Gb-Gb-bimodule
Gi⊗R iG.
Then X is projective of and only if eQXQeQ = 0 for any nontrivial
subgroup Q of P .
Proof. Suppose that eQXQeQ = 0 for any nontrivial subgroup Q
of P . We show that then in fact XQ = 0 for any nontrival subgroup Q
of P . To do this it sufﬁces to show that eXQe′ = 0 for any two blocks
e e′ of kCGQ satisfying BrQbe = e and BrQbe′ = e′. Since there
is an x ∈ G such that xQ e ⊂ P eP (cf. [24, (40.13)]) or, equivalently,
such that xQ ⊂ P and xe = exQ, we may assume that e = eQ. If e′ = e we
are then done by the hypothesis, so assume now that e′ 
= e.
The image of the set G ⊗ G in kG ⊗kR kG is a k-basis stable under
conjugation with elements of Q. In order to compute kG ⊗kR kGQ
we have to determine all Q-stable elements of this basis; that is, all
pairs x y ∈ G × G, whose image x ⊗ y in kG ⊗kR kG is Q-stable
(cf. Lemma 6.1(i)). This is the case if for any u ∈ Q there is ru ∈ R
such that ux = xru and yu−1 = r−1u y or, equivalently, if xy ∈ CGQ and
Qx = yQ ⊂ R. Thus we have(
kG
⊗
kR
kG
)Q
=⊕
x y
kx⊗ y⊕ kerBrQ
where x y runs over the set of pairs in G×G such that xy ∈ CGQ and
Qx ⊂ R. Consequently,(
ekGi
⊗
kR
ikGe′
)Q
= ∑
x y
kexi⊗ iye′ + kerBrQ
with x y as before. By the uniqueness theorem [5, Theorem 1.8], for
any such pair x y we have exi = exix and exi ∈ kerBrQ unless
e = xeQx; similarly, iye′ = yiye′ and iye′ ∈ kerBrQ unless e′ =
eyQy . As xy ∈ CGQ we have xeQx = eyQy . Therefore, since e 
= e′,
at least one of exi or iye′ lies in ker(BrQ). It follows that ekGi ⊗kR
ikGe′Q ⊂ kerBrQ; in particular, eXQe′ = 0.
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This shows that XQ = 0 for any nontrivial subgroup Q of P . When
viewed as a kG×G-module, X has a vertex contained in R = r rr∈R
and a trivial source; thus if Q is a subgroup of R such that Q is a ver-
tex of X, necessarily XQ 
= 0; hence Q = 1, which shows that X is
projective.
The converse is clear by 6.1(ii).
Proof of 3.1. If (i) holds then M ⊗Hc M∗ ∼= Gb ⊕ X for some pro-
jective Gb-Gb-bimodule X and M∗ ⊗Gb M ∼= Hc ⊕ Y for some pro-
jective Hc-Hc-bimodule Y. For any nontrivial subgroup Q of P we have
XQ = 0 and thus, by Lemma 2.3(ii), we have eQMQfQ ⊗kCHQfQ
fQMQ∗eQ ∼= eQM ⊗Hc M∗QeQ ∼= kCGQeQ, which means
that eQMQfQ and its k-dual induce a Morita equivalence between
kCGQeQ and kCHQfQ. It remains to show the statement on fusion.
Since j is primitive in HcP and not contained in HcP1 , the
Hc-P-bimodule Hj is indecomposable nonprojective. Thus the
Gb-P-bimodule Mj ∼= M ⊗Hc Hj is a direct sum of an indecompos-
able nonprojective Gb-P-bimodule and a projective Gb-P-bimodule.
By the hypotheses on M , the bimodule Mj is a direct summand of
Gi ⊗P jHj, thus the nonprojective part of Mj is isomorphic to a
direct summand of Gi ⊗P W for some indecomposable direct sum-
mand W of jHj as an P-P-bimodule. Consequently, on one hand
M∗ ⊗Gb Mj ∼= Hj ⊕ Yj and on the other hand the nonprojective part
of M∗ ⊗Gb Mj is isomorphic to a direct summand of M∗i ⊗P W . Since
BrPj 
= 0 we have M∗ ⊗Gb MjP 
= 0, thus M∗i⊗P W P 
= 0.
Therefore W ∼= ϕP for some automorphism ϕ of P which by Lemma 3.2
is induced by conjugation with an element y ∈ NHPδ, where δ is the
local point of P on Hc containing j. Thus the nonprojective part of Mj is
isomorphic to a direct summand of Gi⊗P ϕP ∼= Giϕ−1 , or, equiv-
alently, the nonprojective part of Mjϕ is isomorphic to a direct summand
of Gi. But since ϕ is induced by conjugation with an element of NHPδ
we have Hjϕ ∼= Hj (cf. Lemma 6.3), and therefore Mjϕ ∼= Mj as
Gb-P-bimodules. This shows that
we have Mj∼=Gi⊕U for some projective Gb-P-bimodule U (3.1.1)
Thus, for any nontrivial subgroup Q of P , the functor M⊗Hc- induces a
bijection between the sets of isomorphism classes of indecomposable non-
projective direct summands of Hj as an Hc-Q-bimodule and of Gi
as an Gb-Q-bimodule. By 3.3 this is equivalent to saying that we have a
fusion-compatible bijection between the sets of local points of Q on iGi
and on jHj, for any nontrivial subgroup Q of P . In particular, we have
EGQ eQ R eR = EHQ fQ R fR for any two subgroups QR
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of P , which shows indeed that (i) implies (ii). Moreover, the isomorphism
in (3.1.1) induces the algebraic isomorphisms
jHjQ/jHjQ1 ∼=EndHc⊗QHj0∼=EndGb⊗QMj0(3.1.2)
∼=EndGb⊗QGi0∼=iGiQ/iGiQ1 
where the ﬁrst and last isomorphism are a variation on Higman’s criterion
(cf. [24, (17.3)], the second isomorphism follows from the fact that M⊗Hc-
is a stable equivalence of Morita type, and the third isomorphism follows
from (3.1.1).
The isomorphism in (3.1.2) induces clearly an isomorphism of k-algebras
jHjQ ∼= iGiQ(3.1.3)
where Q is still running over the set of nontrivial subgroups of P . This
shows that (i) implies also the last statement of Theorem 3.1.
Conversely, if (ii) holds, consider the sequence of adjunction maps
(cf. [3])
Gb→
2
M
⊗
Hc
M∗→
η
Gb (3.1.4)
Applying for any nontrivial subgroup Q of P the Brauer construction to
this sequence and multiplying it with eQ on the left and on the right yields
a sequence
kCGQeQ→
2Q
eQM
⊗
Hc
M∗QeQ→
ηQ
kCGQeQ (3.1.5)
The middle term of this sequence is, by 2.3(ii) and the hypotheses, canon-
ically isomorphic to eQMQfQ ⊗kCHQfQ fQMQ∗eQ ∼= kCGQeQ.
It follows that 2Q and ηQ are mutually inverse isomorphisms. This in
turn implies that the composition η2 is an automorphism of Gb as an
Gb-Gb-bimodule; indeed, otherwise we would have Imη2 ⊂ JGb,
from which would follow ImηQ2Q ⊂ JkCGQeQ, contradicting the fact
that ηQ2Q is the identity on kCGQeQ. In particular, η is split surjective,
hence M ⊗Hc M∗ ∼= Gb⊕X, where X = kerη. We show now that X
is projective.
Observe that eQXQeQ = 0 for any nontrivial subgroup Q of P , as
ηQ is an isomorphism. Every indecomposable direct summand X ′ of X is
a direct summand of M ⊗Hc M∗, thus of Gi ⊗P jHj ⊗P iG by the
assumption on M , and hence of Gi ⊗R iG for some subgroup R of P
by Lemma 2.3(i). Therefore X ′ is projective by 3.3, and hence X is, too.
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Exchanging the roles of G and H shows that indeed M and M∗ induce a
stable equivalence of Morita type between Gb and Hc, which concludes
the proof of Theorem 3.1.
Remark 3.4. The equivalence of the statements (i), (ii) in Theorem 3.1
holds in the more general situation where M is isomorphic to a direct sum-
mand of Gi⊗P IndP×PP V  ⊗P jH for some endo-permutation-P-
module V , and then V is fusion stable. This follows from using the work of
Puig in [14]. In this more general situation it is then still true that if (i), (ii)
hold, then M induces an equivalence between the stable local categories
(cf. [16, 7.6.6]).
4. SPLENDID MORITA EQUIVALENCES
As mentioned before, it has been independently observed by Puig [16,
7.5.1] and Scott [22] (implicitly, this is also in [23]) that a Morita equiv-
alence between two blocks of ﬁnite groups induced by a p-permutation
bimodule is equivalent to an isomorphism between source algebras. For
the sake of completeness and the convenience of the reader we restate this
and include a short proof.
Theorem 4.1 (Puig [16] and Scott [22]). Let G and H be ﬁnite groups
and b and c be blocks of G and H, respectively, having a common defect
group P . Let i j be source idempotents in GbP HcP , respectively.
Let M be an indecomposable direct summand of the Gb-Hc-bimodule
Gi⊗P jH. The following are equivalent:
i The bimodule M and its -dual M∗ induce a Morita equivalence
between Gb and Hc.
ii There is an algebra isomorphism ϕ : iGi → jHj mapping ui to
uj for any u ∈ P such that M ∼= Gi⊗iGi ϕjH.
If these statements hold, there is an isomorphism of Gb-P-bimodules
Gi ∼= Mj; moreover, the correspondence sending M to the algebra isomor-
phism ϕ induces a bijection between the isomorphism classes of indecom-
posable direct summands of Gi ⊗P jH inducing a Morita equivalence
between GbHc and the set of jHjP×-conjugacy classes of algebra
isomorphisms iGi ∼= jHj mapping ui to uj for all u ∈ P .
Proof. Since Gi and iG induce a Morita equivalence between Gb
and iGi (cf. [12]), clearly if ϕ: iGi→ jHj is an algebraic isomorphism,
the bimodule Gi ⊗iGi ϕjH induces a Morita equivalence. As more-
over ϕ maps ui to uj for all u ∈ P this bimodule is isomorphic to a direct
summand of Gi ⊗P jH since iGi is isomorphic to a direct summand
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of iGi ⊗P iGi. Thus (ii) implies (i). Next, if M is a direct summand
of Gi ⊗P jH inducing a Morita equivalence, then Mj ∼= M ⊗H Hj
is an indecomposable direct summand of the Gb-P-bimodule Gi ⊗P
jHj, hence of Gi ⊗P W for some indecomposable direct summand of
jHj as an P-P-bimodule. As M∗ ⊗Gb Mj ∼= Hj is isomorphic to a
direct summand of M∗i ⊗P W viewed as an Hc-P-bimodule, we have
M∗i ⊗P W P 
= 0, which forces W ∼= yP for some y ∈ NHPδ by
Lemma 3.2, where δ is the local point of P on Hc containing j. But then
Mj ∼= Myj = Mjy−1 and the latter is clearly isomorphic to a direct sum-
mand of Gi⊗P yPy−1 ∼= Gi as Gb-P-bimodules. Since i is prim-
itive in GbP the bimodule Gi is indecomposable and therefore we
have an isomorphism α  Mj ∼= Gi as Gb-P-bimodules. In particular,
α is an isomorphism of left Gb-modules, hence induces an algebraic iso-
morphism jHj0 ∼= EndGb⊗1Mj ∼= EndGb⊗1Gi ∼= iGi0, and the
fact that this chain of isomorphisms maps uj to ui for all u ∈ P follows from
α being also a homomorphism of right P-modules. Therefore (i) implies
(ii). The last statement follows from the fact that any automorphism of the
bimodule Mj is induced by right multiplication with an invertible element
in jHjP , and hence any two bimodule isomorphisms between Gi and
Mj induce algebra isomorphisms between iGi and jHj which differ by
conjugation with an invertible element in jHjP .
We conclude this section with some remarks on how splendid stable,
derived, and Morita equivalences are connected. As mentioned before,
Rickard proved in [19] that if we have a derived equivalence between two
blockalgebras Gb and Hc there is a stable equivalence of Morita type
between Gb and Hc. However, even if this derived equivalence is given
by a splendid tilting complex X of Gb-Hc-bimodules, there need not
be any splendid stable equivalence. This is due to the way a stable equiv-
alence of Morita type is obtained from X: take a projective resolution
π :PX → X of X (that is, PX is a right bounded complex of projective
Gb-Hc-bimodules and π is a quasi-isomorphism) and truncate then PX
in some degree large enough such that the truncated complex is still quasi-
isomorphic to X. The bimodule occurring in the degree where PX is trun-
cated yields a stable equivalence of Morita type between Gb and Hc,
but this is not a splendid stable equivalence in general. In fact, there are
situations where the splendid stable equivalences are precisely the splendid
Morita equivalences.
Proposition 4.2. Let GH be ﬁnite groups, and let b and c be blocks of
G and H, respectively, having a common defect group P . Suppose there is a
nontrivial subgroup Z of P such that Z ⊂ ZG and Z ⊂ ZH.
Any indecomposable direct summandM of Gb⊗P Hc inducing a stable
equivalence of Morita type between Gb and Hc induces actually a Morita
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equivalence; in particular, Gb and Hc have isomorphic source algebras in
that case.
Proof. Let X be a projective Gb-Gb-bimodule such that M ⊗Hc
M∗ ∼= Gb ⊕X. The hypotheses on M imply that any z ∈ Z acts in the
same way on the left and on the right ofMM∗, whence ofM ⊗Hc M∗. But
on a nonzero projective Gb-Gb-bimodule the left and right actions of
a nontrivial element of Z never coincide. Thus X = 0, and therefore M
induces a Morita equivalence. Since M is indecomposable there are primi-
tive idempotents i ∈ GbP j ∈ HcP such that M is isomorphic to a
direct summand of Gi⊗P jH. The idempotents i j are not contained in
the kernel of the corresponding Brauer homomorphisms because the diag-
onal subgroup P is a vertex of M as an G×H-module as P is a defect
group of both b and c. Thus, by Theorem 4.1, we have an isomorphism of
source algebras iGi ∼= jHj as interior P-algebras.
The ﬁrst part of Proposition 4.2 can obviously be generalized: if M is
an indecomposable Gb-Hc-bimodule with vertex P when viewed as an
G×H-module with a source on which Z acts trivially and such thatM
induces a stable equivalence of Morita type, the argument in the proof of
Proposition 4.2 shows that then M induces a Morita equivalence (however,
unless the source of M is trivial, the source algebras of Gb and Hc are
no longer isomorphic).
5. A SPLENDID TILTING COMPLEX FOR BLOCKS WITH
CYCLIC DEFECT GROUPS
Let G be a ﬁnite group and b a block of G having a nontrivial cyclic
defect group P . Let Z be the unique subgroup of order p of P , set H =
NGZ, and denote by c the unique block of H having P as its defect
group such that BrPb = BrPc; this makes sense as CGP ⊂ H. We
assume that k is large enough for Hc/JHc to be a direct product of
matrix algebras.
Let i and j be primitive idempotents in GbP and HcP , respec-
tively, such that BrPi = BrPj 
= 0. That is, i j are source idempo-
tents which determine the same block of kCGP. We denote by e the
unique block of kCGP = kCHP such that BrPie = BrPi, set
E = NGP e/CGP, and denote by P E the semi-direct product of P
by E with E acting naturally on P . Note that E is a cyclic p′-group acting
freely on P − 1; that is, P E is a Frobenius group with kernel P . The
unit element of P E is primitive in P EP ; in other words, the
unit element of P E is both its unique block and its unique source
idempotent.
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Rouquier explicitly constructed in [21] a two-sided Rickard tilting com-
plex of Gb-P E-bimodules which is splendid in the sense deﬁned by
Rickard in [20]; that is, all of its components are direct sums of indecom-
posable G× P E0-modules with a vertex contained in the diagonal
subgroup P and trivial source.
We add here that Rouquier’s results in [21] and the transitivity
Theorem 2.1 imply that there is actually a splendid tilting complex of
Gb-P E-bimodules in the sense of our Deﬁnition 1.1 (thus this
strong variation of Broue´’s abelian defect conjecture in [4] holds for blocks
with cyclic defect groups).
We start by recalling the structure of Hc:
5.1. There is an indecomposable endo-permutation P-module V with
vertex P and determinant 1 such that, setting S = EndV , we have isomor-
phism of interior P-algebras
jHj ∼= S⊗

P E 
Since Hc and jHj are Morita equivalent, this can be expressed as
follows.
5.2. The Hc-PE-bimodule Hj ⊗P IndP×P
0
P V  ⊗P PE
has an indecomposable direct summand M with vertex P and source V
inducing a Morita equivalence between Hc and P E.
The endo-permutation module V in Section 5.1 is unique up to isomor-
phism (thanks to the condition that the determinant of V is one), and
therefore V is E-stable. By Rickard’s work in [19], V has an E-stable
p-permutation resolution YV ; that is, YV is a bounded complex of permuta-
tion P-modules with homology concentrated in degree zero, isomorphic
to V , whose isomorphism class is E-stable, and such that YV ⊗ Y ∗V is split
as a complex of P-modules with respect to the diagonal action of P .
Thus we may apply [11, 1.3] to obtain the following.
5.3. There is a splendid tilting complex Y of Hc-P E-bimodules
which is isomorphic to a direct summand of the complex Hj ⊗P
IndP×P
0
P YV  ⊗P P E such that Y has homology concentrated in
degree zero and isomorphic to M .
Recall from [10, 6.1] the following well-known fact (which holds more
generally in any “trivial intersection” situation):
5.4. The Gb-Hc-bimodule bGc and its dual cGb induce a stable
equivalence of Morita type between Gb and Hc.
This stable equivalence is splendid:
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5.5. Up to isomorphism, the Gb-Hc-bimodule bGc has a unique
nonprojective indecomposable direct summand, and this summand is isomor-
phic to a direct summand of Gi⊗P jH.
Indeed, it is a general property of stable equivalences of Morita type
[10, 3.4] that bGc has, up to isomorphism, a unique nonprojective direct
summand. In order to show that this summand is isomorphic to a direct
summand of Gi ⊗P jH it sufﬁces to show that every indecomposable
direct summand of iGj is isomorphic to a direct summand of iGi ⊗P
jHj or, equivalently, that iGj is relatively P-projective when viewed
as an iGi⊗ jHj0-module. Any iGi⊗ jHj0-module is relatively
P × P0-projective. Since iGj is projective as left and right P-modules
and since iGjP 
= 0 (as BrPi = BrPj, it follows indeed that
iGj is relatively P-projective. This shows Statement 5.5.
The decisive step is now to apply Rouquier’s Theorem [21, 10.2], which
says the following:
5.6. There is a direct summand Nπ of a projective cover of the (Gb-
Hc)-bimodule bGc such that the complex
X = · · · → 0→ N→
π
bGc → 0→ · · ·
is a two-sided Rickard tilting complex of Gb-Hc-bimodules.
Since any projective indecomposable Gb-Hc-bimodule is isomorphic
to a direct summand of Gi⊗ jH (again because Gb and iGi as well
as Hc and jHj are Morita equivalent), Statements 5.5 and 5.6 imply that
5.7. the complex X is a splendid tilting complex of Gb-Hc-bimodules
(with respect to the choice of the source idempotents i j).
It is a well-known property of blocks with abelian defect groups that
the inertial quotient E controls fusion (cf. [1]). Therefore the hypotheses
of Theorem 2.1 are fulﬁlled for GHP E (instead of GHL), and we
obtain
Theorem 5.8. With the notation above, the total complex X ⊗Hc Y is a
splendid tilting complex of Gb-P E-bimodules.
Remark 5.9. The length of the complex X ⊗Hc Y in Theorem 5.8 (i.e.,
the number of nonzero components) is at most twice the length of the
endo-split p-permutation resolution YV of V , since X has at most length 2
(in fact, X has length 1 if and only if Gb and Hc have isomorphic source
algebras iGi ∼= jHj).
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Remark 5.10. The methods of this section apply to blocks with Klein
four defect groups: for p=2, Rickard showed that there is a splendid tilting
complex between A4 and the principal block algebra A5b0 of A5. Using
this and the classiﬁcation of the source algebras of blocks with a Klein four
defect group in [8], one can show, by applying exactly the same strategy
as above, that for any block b of a ﬁnite group G having a defect group
P ∼= 2 × 2 there is a splendid derived equivalence between Gb and
NGPc in the sense of our Deﬁnition 1.1, where c is the unique block
of NGP such that BrPc = BrPb. The fact that there is a splendid
equivalence between Gb and NGPc in the sense of Rickard [20] has
previously been observed by Rouquier. Again, this means that this strong
version of Broue´’s abelian defect conjecture [4] holds for blocks with a
Klein defect group.
6. QUOTED RESULTS ON THE BRAUER CONSTRUCTION
AND p-PERMUTATION MODULES
If P is a ﬁnite p-group, for any subgroup Q of P the Brauer construc-
tion yields a functor from the category of P-modules to the category
of kCPQ-modules which factors through the -stable category (cf. [9])
of P-modules. This construction goes back to Brauer [2] in the case of
group algebras and has been generalized by Broue´ and Puig [5] to arbitrary
G-algebras, as well as to modules in Feit [6].
This functor turns out to be particularly well-behaved on the subcategory
of permutation modules; we recall in this section its deﬁnition and some of
its main properties.
If U is an P-module, for subgroup Q of P we denote as usual by UQ
the subspace of Q-ﬁxpoints in U . For any further subgroup R of Q,
we denote by TrQR :U
R → UQ the R-linear map sending u ∈ UR to∑
y∈Q/R yu, where Q/R is a system of representatives in Q of the cosets
Q/R; this deﬁnition does not depend on the choice of Q/R. We set
U
Q
R = ImTrQR. Clearly UQR is an CPQ-submodule of UQ, and we deﬁne
UQ = UQ/JUQ +∑R UQR , where in the sum R runs over the set of
proper subgroups of Q. We denote then by BrUQ , or simply by BrQ if no
confusion is possible, the canonical surjection UQ → UQ. Note that if U
is a nonzero kP-module then UP is the socle of U and hence in particular
nonzero, too.
Given any homomorphism of P-modules ϕ:U → V , for any two sub-
groups Q and R of P such that R ⊂ Q, clearly ϕ maps UQR to V QR and hence
induces a homomorphism of kCPQ-modules ϕQ:UQ → V Q, which
makes this construction functorial.
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If X is an P-P-bimodule and Q a subgroup of P , we mean by
XQ the above construction with respect to the diagonal subgroup
Q = u uu∈Q of P × P , where we consider X as an P × P-module
with u v ∈ P × P acting on x ∈ X as uxv−1 (this is a slight change
of notation with respect to [11], where we would write XQ instead of
XQ).
We recall some elementary properties of the Brauer construction (the
easy and well-known proof of Lemma 6.1 is left to the reader).
Lemma 6.1. Let P be a ﬁnite p-group, U an P-permutation module, and
X an indecomposable P-P-bimodule having a P × P-stable -basis such
that X is projective as left and right P-module.
i If B is a P-stable -basis of U then BrUQBQ is a k-basis of UQ
for any subgroup Q of P , where BQ = B ∩UQ.
ii The module U is projective if and only if UQ = 0 for any non-
trivial subgroup Q of P .
iii We have XP ∼= kZP if X ∼= P as an P-P-bimodule and
XP = 0 otherwise.
iv For any subgroup Q of P there is a natural isomorphism
X∗Q ∼= XQ∗.
The above lemma applied to X = G, where G is a ﬁnite group and P is
a p-subgroup of G, yields an obvious isomorphism GP ∼= kCGP.
By identiﬁcation through this isomorphism, the Brauer homomorphism
BrP :G → kCGP is in that case an algebraic homomorphism, because
its kernel is a two-sided ideal in GP .
Lemma 6.2. Let P be a ﬁnite p-group and U a permutation kP-module.
i We have⋂Q kerBrUQ = UP1 , where Q runs over the set of nontrivial
subgroups of P .
ii If U has no nontrivial projective direct summand, we have U =∑
Q U
Q, where Q runs over the set of nontrivial subgroups of P .
Proof. (i) Let B be a P-stable k-basis of U and let u = ∑x∈B λxx be
an element of UP . Let x ∈ B such that λx 
= 0 and R be the stabiliser of x
in P . Clearly then BrUR x 
= 0, and the statement follows.
ii If U has no nontrivial projective direct summand, every element
x of a P-stable k-basis B of U has a nontrivial stabilisor Qx in P and hence
U =∑x∈B kx =∑x∈B UQx .
Lemma 6.3. Let P be a ﬁnite p-group and U a kP-module. For any non-
trivial subgroup Q of P we have kerBrUQ ⊂ radUQ.
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Proof. Let R be a proper subgroup of Q and let u ∈ UR. Since k
has characteristic p we have TrQRu =
∑
y∈Q/R yu =
∑
y∈Q/Ry − 1u ∈
JkPU .
Lemma 6.4. Let P be a ﬁnite p-group, UV be kP-modules, and ϕ:U →
V a kP-homomorphism.
i If V is a kP-permutation module having no nonzero projective
direct summand and ϕQ:UQ → V Q is surjective for any nontrivial
subgroup Q of P , then ϕ is surjective.
ii If U is a kP-permutation module having no nonzero projective
direct summand and ϕQ:UQ → V Q is injective for any nontrivial sub-
group Q of P , then ϕ is injective.
Proof. (i) If ϕ is not surjective, there is a maximal submodule M of
U containing Imϕ. Since for any nontrivial subgroup Q of P the map
ϕQ is surjective, we have MQ + kerBrVQ = V Q, thus MQ = V Q, since by
Lemma 6.3 we have kerBrVQ ⊂ radV Q ⊂ MQ. Hence Lemma 6.2(ii)
yields the contradiction V = ∑QMQ ⊂ M , where in the sum Q runs over
the set of nontrivial subgroups of P .
(ii) The hypotheses imply that kerϕP is contained in kerBrUQ for
any nontrivial subgroup Q of P and thus in UP1 by Lemma 6.2(i). Now
UP1 = 0 as U has no nonzero projective direct summand, thus kerϕP = 0
and hence kerϕ = 0.
Proposition 6.5. Let P be a ﬁnite p-group, UV be kP-permutation
modules, and ϕ:U → V be a kP-homomorphism. Then ϕ induces an iso-
morphism ϕ¯:U → V in the stable category ModkP if and only if ϕQ is
an isomorphism of kCPQ-modules for any nontrivial subgroup Q of P .
Proof. We clearly may assume that UV have no nonzero projective
direct summands. It follows then from Lemma 6.4 that ϕ is an isomorphism
if and only if ϕQ is so for any nontrivial subgroup Q of P .
Corollary 6.6. With the notation of Proposition 6.5, assume that ϕQ
is an isomorphism for any nontrivial subgroup Q of P .
If ϕ is surjective then kerϕ is projective, and if ϕ is injective then cokerϕ
is projective.
7. APPENDIX: FUSION IN BLOCK ALGEBRAS
Let G be a ﬁnite group, b a block of GPγ a defect pointed group of b,
and i ∈ γ; that is, i is a source idempotent in GbP . For any subgroup
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Q of P there is a unique block eQ of kCGQ satisfying BrQieQ 
= 0
(cf. [5, 1.8] or [22, (40.4)]).
In the previous sections as well in [11] we exploit frequently the interplay
between fusion in Gb and its bimodule structure as an P-P-bimodule.
The basic argument—ﬁrst used by Puig in [13] in order to show that the
local category of b (cf. [13]) is an invariant of its source algebra iGi—goes
as follows.
Since i commutes to P , we have a direct sum decomposition of P-P-
bimodules G = iGi⊕ iG1− i⊕ 1− iGi⊕1− iG1− i. More-
over, for any two subgroups QR of P we have a decomposition of G as a
direct sum of indecomposable Q-R-bimodules G = ⊕x∈Q\G/RQxR.
Thus, by the Krull–Schmidt theorem,
7.1. For any two subgroups QR of P and any indecomposable direct
summand W of iGi as an Q-R-bimodule there is x ∈ G such that W ∼=
QxR.
With this notation, if we set S = Q ∩x R and deﬁne the group homomor-
phism ϕ:Q→ R by ϕu = x−1ux for all u ∈ S, we have an isomorphism of
Q-R-bimodules QxR ∼= Q ⊗S ϕR sending qxr to q ⊗ r, where
q ∈ Q r ∈ R.
We use the following notation from [13]: if QR are subgroups of P
we denote by H˜omQR the set of equivalence classes of group homo-
morphisms from Q to R modulo inner automorphisms of R and by
EGQ eQ R eR the image in H˜omQR of all group homomor-
phisms ϕ: Q → R such that there is x ∈ G satisfying xQ eQ ⊂ R eR
(where this inclusion means that xQ ⊂ R and xeQ = exQ; see [1, 5, or 24,
Sect. 40] for the inclusion of Brauer pairs) and ϕu = xux−1 for all u ∈ Q;
note that ϕ is in particular injective. We call the equivalence class ϕ˜ of ϕ in
H˜omQR a G-fusion from Q eQ to R eR. Analogously, for any two
local pointed groups QδR2 on Gb we denote by EGQδR2 the image
in H˜omQR of all group homomorphisms ϕ:Q → R such that there is
x ∈ G satisfying xQδ ⊂ R2 and ϕu = xux−1 for all u ∈ Q; again we call
ϕ˜ a G-fusion from Qδ to R2. Observe that if Qδ ⊂ PγR2 ⊂ Pγ, we have
EGQδR2 ⊂ EGQ eQ R eR.
The maximal b-Brauer pairs are all G-conjugate (cf. [1]); thus for any
b-Brauer pair Q e there is x ∈ G such that xQ e ⊂ P eP. Similarly,
the maximal local pointed groups on Gb are all G-conjugate (cf. [12,
1.2]); thus for any local pointed group Qδ on Gb there is x ∈ G such
that xQδ ⊂ Pγ. In other words, EGQ e P eP and EGQδ Pγ are
nonempty.
The points of any subgroup Q of G on G correspond bijectively to
the set of isomorphism classes of indecomposable direct summands of
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G viewed as an Q-G-bimodule; indeed, the Krull-Schmidt theorem
implies that
7.2. For any two points δ δ′ of Q on G and any d ∈ δ d′ ∈ δ′, we
have dG ∼= d′G as Q-G-bimodules if and only if δ = δ′.
Since any representative of a G-fusion is injective it is the composition
of an isomorphism and an inclusion. Using 7.1 and 7.2 we can characterise
any G-fusion represented by an isomorphism as follows:
7.3. Let QδR2 be local pointed groups on Gb such that Q ∼= R;
let d ∈ δ e ∈ 2, and ϕ:Q → R be a group homomorphism. We have ϕ˜ ∈
EGQδR2 if and only if Gd ∼= Geϕ as G-Q-bimodules, and this in
turn holds if and only if dG ∼= ϕeG as Q-G-bimodules.
Proof. If ϕ˜ ∈ EGQδR2 there is x ∈ G such that xQδ = R2 and
ϕu = xux−1 for all u ∈ Q; in particular, xδ = 2 and thus, possibly
after replacing e with some GbR×-conjugate, we may assume that
e = xdx−1. Then the map sending ad to adx−1 = ax−1e (where a ∈ G)
is an isomorphism of Gb-Q-bimodules Gd ∼= Geϕ. Conversely, if
Gd ∼= Geϕthen in particular dGd ∼= dGeϕ as Q-Q-bimodules,
and as both terms are projective as right Q-modules necessarily ϕ is injec-
tive and hence an isomorphism by the hypothesis Q ∼= R. As BrQd 
= 0
there is a direct summand of dGd as an Q-Q-bimodule isomorphic
to Q (cf. Lemma 6.1(iii)). Thus Qϕ−1 is isomorphic to a direct sum-
mand of dGe as an Q-R-bimodule, hence in particular Qϕ−1 ∼=
Qx−1 = x−1R for some x ∈ G satisfying ϕu = xux−1 for all u ∈ Q.
But then Gd ∼= Geϕ ∼= Gex as G-Q-bimodules, or, equivalently,
Gdx−1 = Gxd ∼= Ge, which by Statement 7.2 means that xQδ = R2.
Statement 7.3 admits a reformulation at the source algebra level in
the following way. For any subgroup Q of P any primitive idempotent
of iGiQ is still primitive in GbQ and from this it follows easily
(cf. [13, 1.7]) that any local point δ of Q on iGi is contained in a unique
local point δ′ of Q on Gb such that Qδ′ ⊂ Pγ; and conversely, if δ′ is a local
point of Q on Gb such that Qδ′ ⊂ Pγ then δ = iGi∩ δ′ is a local point of
Q on iGi. We will abusively denote δ and δ′ by the same letter. As more-
over Gb and iGi are Morita equivalent (cf. [12, 3.5]), Statement 7.3 is
equivalent to the following:
7.4. Let QδR2 be local pointed groups on iGi such that Q ∼= R;
let d ∈ δ e ∈ 2, and ϕ:Q → R be a group homomorphism. We have ϕ˜ ∈
EGQδR2 if and only if iGd ∼= iGeϕ as iGi-Q-bimodules.
In fact, we recover Puig’s more precise theorem [13, 3.1] characterising
G-fusion in iGi as iGi-fusion (cf. [13, 2.5]):
840 markus linckelmann
7.5 (Puig [13, 2.12 and 3.1]). Let QδR2 be local pointed groups on
iGi such that Q ∼= R; let d ∈ δ e ∈ 2, and ϕ:Q→ R be a group homomor-
phism. We have ϕ˜ ∈ EGQδR2 if and only if there is an invertible element
a ∈ iGi× satisfying auda−1 = ϕue for all u ∈ Q.
Proof. If a exists as claimed then right multiplication by a−1 induces
an isomorphism of iGi-Q-bimodules iGd ∼= iGda−1ϕ = iGeϕ,
and hence ϕ˜ ∈ EGQδR2 by Statement 7.4. Conversely, if x ∈ G such
that xQδ = R2 and ϕu = xux−1 for all u ∈ Q, then xδ = 2 and hence
xd = ce for some c ∈ GbR× or, equivalently, c−1xd = ec−1x. In par-
ticular, iGd ∼= iGe as left iGi-modules and therefore iGi − d ∼=
iGi − e as left iGi -modules. Any such isomorphism and its inverse
come from right multiplication with suitable elements s ∈ i− dGi− e,
t ∈ i− eGi− d satisfying st = i− d ts = i− e, and then a = t + c−1xd
is invertible with inverse a−1 = s + dx−1c and auda−1 = ϕue for all
u ∈ Q.
We recall now parts of the material of [11, Section 3] that we need in
this paper. We start with a (well-known) statement on defect groups of the
blocks eQ saying roughly speaking that via a convenient conjugation we may
assume that CPQ is a defect group of eQ without losing any information
on local points of Q on Gb (see for instance [11, 3.3(i, ii, iv)]):
7.6. For any subgroup Q of P the group CPQ is contained in a defect
group of eQ, and there is x ∈ G such that xQ eQ ⊂ P eP and CPxQ is
equal to a defect group of the block xeQ = exQ of kCGQ. Moreover, for any
local point δ of Q on Gb such that Qδ ⊂ Pγ we have then also xQδ ⊂ Pγ.
Proof. Since BrPi 
= 0 we have BrCP QBrQi = BrQCP Qi 
= 0,
whence BrCP QeQ 
= 0 which shows that CPQ is contained in a defect
group of eQ. Moreover, if R f  is a maximal eQ-Brauer pair then QR f 
is a b-Brauer pair. Since maximal b-Brauer pairs are all conjugate, there
is x ∈ G such that xQR f  ⊂ P eP. But then also xQ eQ ⊂ P eP,
and the defect group xR of xeQ is contained in CPxQ, whence is equal
to CPxQ by the ﬁrst part. In order to show the last statement, it sufﬁces
therefore to show that if CPQ is a defect group of eQ, then for any local
point δ of Q on Gb satisfying BrQδeQ 
= 0 we have in fact Qδ ⊂ Pγ.
Now if CPQ is a defect group of eQ then, since BrCP QBrQi 
= 0,
the algebras kCGQeQ and BrQikCGQBrQi are Morita equivalent,
which implies that the second algebra contains some element of any point
of the ﬁrst algebra. In particular, it contains an element of BrQδ, which
means that Qδ ⊂ Pγ.
As a consequence of [11, 3.3(v)] and the above arguments we have the
following connection between fusion and the bimodule structure of iGi:
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7.7. Let R S be subgroups of P , let T be a subgroup of R, and
ϕ:T → S be a group homomorphism. If the R-S-bimodule R⊗T ϕS
is isomorphic to a direct summand of iGi then ϕ is injective and
ϕ˜ ∈ T eT  S eS.
Proof. Observe ﬁrst that ϕ has to be injective because iGi is projec-
tive as a left R-module, that ϕϕT  is isomorphic to a direct sum-
mand of iGi and whence, by 7.1, isomorphic to Ty−1 = y−1ϕT 
for some y ∈ G satisfying y t = ϕt for any t ∈ T . Then T is
isomorphic to a direct summand of iGiy = iGy−1iy. In partic-
ular, we have BrT iGy−1iy = BrT ikCGT BrT y−1iy 
= 0 by
Lemma 6.1(iii). Since BrT ieT = BrT i this forces BrT y−1iyeT 
= 0,
thus BrϕT iyeT  
= 0, whence yeT = eϕT  = eyT , which concludes the
proof of 7.7.
There is a partial converse to 7.7 (cf. [11, 3.3(v)]):
7.8. Let S T be subgroups of P and ϕ:T → S be a group isomorphism.
If ϕ˜ ∈ EGT eT  S eS and CPS is a defect group of eS , then the T -S-
bimodule ϕS is isomorphic to a direct summand of iGi.
Proof. By the assumptions there is x ∈ G such that xT eT  = S eS
and ϕt = xt for any t ∈ T . By Statement 7.6, for any local point 2
of T on Gb such that T2 ⊂ Pγ we have Sx2 ⊂ Pγ. Thus, if l ∈ 2, the
T -S-bimodule lGxl is isomorphic to a direct summand of iGi. Since
BrT l 
= 0, the T -T -bimodule lGl has a direct summand isomorphic
to T by Lemma 6.1(iii). Therefore lGxl has a direct summand isomor-
phic to Tx−1 = x−1S ∼= ϕS, as claimed.
The property of a block eQ to have CPQ as its defect group can be
read off the local structure of the block b. To state this properly, let H
be another ﬁnite group containing P , let c be a block of H having P as
defect group, let δ be a local point of P on Hc, let j ∈ δ, and denote
for any subgroup Q of P by fQ the unique block of kCHQ such that
BrQjfQ = BrQj.
7.9 (cf. [11, 3.4]). Assume that EGQ eQ P eP ⊃ EHQ fQ,
P fP for any subgroup Q of P .
For any subgroup Q of P , if CPQ is a defect group of eQ then CPQ is a
defect group of fQ.
Proof. Let Q be a subgroup of P . Assume that CPQ is a defect group
of eQ and let R be a defect group of fQ. There is a block f of kCCHQR =
kCGQR such that R f  is a maximal fQ-Brauer pair. Then QR f  is
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a c-Brauer pair such that Q fQ ⊂ QR f . Thus there is y ∈ H satisfy-
ing yQ fQ ⊂ yQR f  ⊂ P fP because the maximal c-Brauer pairs are
H-conjugate. Note that then yf = fyQR. The assumptions imply that there
is x ∈ G such that xQ eQ ⊂ P eP and xu = yu for all u ∈ Q. In par-
ticular, we have xQ = yQ, whence xQ eQ ⊂ yQR eyQR. This means
that yR eyQR is an xeQ-Brauer pair or, equivalently, x−1yR eQx−1yR
is an eQ-Brauer pair. But then again R is conjugate to a subgroup of the
defect group CPQ of eQ, whence equal to CPQ by Statement 7.6.
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